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An analytic study of the tricritical line in the U(Nf)×U(Nf) sigma
model
Junichiro Yasuda
Institute of Physics, University of Tokyo Tokyo 153-8092, Japan
The tricritical line of the first-order chiral phase transition is investigated in the
U(Nf )×U(Nf ) sigma model by means of the ring improved one-loop finite temperature
effective potential. To locate the tricritical line in the space of the coupling constants, we
expand the effective potential up to third order in the high temperature expansion, and up to
sixth order in the order parameter expansion. In this approximation, the tricritical line can
be evaluated to the lowest order of the coupling constants and it follows an analytic relation
between the tree-level masses of the scalar bosons. The validity of the high temperature
expansion, the order parameter expansion, and the ring improved perturbation is critically
examined. This result does not alter if one includes the massless fermions with the small
Yukawa couplings.
§1. Introduction
A tricritical point (or line) is where a first-order phase transition terminates
in the phase diagram. It is important to locate the tricritical point in various phe-
nomenological models, since the first-order phase transition of the early universe may
produce the baryon asymmetry1)–3) or black holes4) etc. The tricritical point has
been investigated in the context of the electroweak phase transition5)–9) and also in
the context of the QCD chiral phase transition at finite temperature and density.10)
There are several methods to analyze a tricritical point. Among these methods,
the most reliable one is the numerical simulation. This approach can solve the
problem of the infrared singularities from the transverse gauge bosons which are
incalculable in the perturbation theory.11) On the other hand, several authors
applied the alternative methods to analyze a tricritical point, for example, the ε-
expansion techniques12), 13) or the auxiliary mass method14) etc.
In this paper, we consider another analytic method to analyze a tricritical point
by means of the ring improved one-loop finite temperature effective potential. To
locate the tricritical point, we firstly expand the effective potential up to third order
in the high temperature expansion. Then we expand the effective potential up to
sixth order in the order parameter expansion around the tricritical point where
an order parameter is small compared to the critical temperature. We apply this
method in the U(Nf )×U(Nf ) sigma model.
∗) In our approximation, the tricritical
∗) Pisarski and Wilczek have discussed this model as a low energy effective theory of QCD and
have shown that if Nf ≥ 3, the restoration of the chiral symmetry at finite temperature should be
first-order.15) Following this argument, several authors have examined the strength of the first-
order phase transition in the U(Nf )×U(Nf ) sigma model from the point of view of the electroweak
baryonegesis.16)–18) Although they have introduced the U1(A) breaking terms, we does not include
these terms, since in the following analysis we consider the large Nf region where the U1(A) breaking
terms are irrelevant for the critical behavior.
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line in the space of the coupling constants of the sigma model can be evaluated to
the lowest order of the coupling constants and it follows an analytic relation between
the tree-level masses of the scalar bosons. ∗)
The technique expanding the effective potential by the order parameter up to
sixth order has been applied to study the tricritical point of QCD at finite tem-
perature and density.19) Their calculation was done by using the two-loop Cornwall,
Jackiw and Tomboulis effective potential.20) Although their calculation contains the
numerical evaluation of the effective potential, our technique for the sigma model is
the purely analytic one and we can derive a relation between the tree-level masses
of the scalar bosons on the tricritical line.
This paper is organized as follows. In section 2, we describe the U(Nf ) ×U(Nf )
sigma model with Yukawa interaction and the effective masses (field dependent mass)
of the sigma model. In section 3, we describe the ring improved one-loop finite
temperature effective potential and the T -dependent effective masses of the sigma
model. In section 4, we analyze the tricritical line of the sigma model and examine the
validity of our approximations. Section 5 is devoted to a summary and discussions.
§2. U(Nf)×U(Nf) sigma model with Yukawa interaction
In this paper, we consider the following Lagrangian:
L = tr |∂µΦ|
2 + iψ¯aL/∂ψ
a
L + iψ¯
a
R/∂ψ
a
R − (yψ¯
a
LΦ
abψbR + h.c.) + LΦ, (2.1)
where LΦ is the scalar potential term which is written as,
LΦ = −m
2
Φ trΦ
†Φ−
λ1
2
(trΦ†Φ)2 −
λ2
2
tr(Φ†Φ)2. (2.2)
The field Φ(x) is an Nf ×Nf complex matrix, and ψ
a
L (ψ
a
R) is the left (right) hand
Wyle spinors of Nf flavors (a = 1, 2, ..., Nf ) which transform under the chiral sym-
metry as
Φ→ gLΦg
−1
R , ψL(R) → gL(R)ψL(R), gL, gR ∈ U(Nf ). (2
.3)
For stability, the quartic couplings should satisfy the following conditions at tree-
level: λ2 > 0, λ1 + λ2/Nf > 0.
The vacuum expectation value (VEV) of scalar field Φ(x) is assumed as,
〈Φ〉 =
φ0√
2Nf
1 , (2.4)
where 1 is the Nf ×Nf unit matrix. At tree-level, φ0 is determined by the potential,
V0(φ) =
1
2
m2Φφ
2 +
1
8
(
λ1 +
λ2
Nf
)
φ4. (2.5)
∗) We locate the tricritical point related to the diagram T vs. coupling constants not to T vs.
baryonic chemical potential.
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Table I. The effective masses, the tree-level masses and the degrees of freedom of the fields in
U(Nf )×U(Nf ) linear sigma model with Yukawa interaction.
field m2i (φ) m
2
i (φ0) ni
h m2Φ + ahφ
2 bhφ
2
0 1
ξ m2Φ + aξφ
2 bξφ
2
0 N
2
f − 1
η m2Φ + aηφ
2 0 1
pi m2Φ + apiφ
2 0 N2f − 1
ψ 1
2Nf
y2φ2 1
2Nf
y2φ20 −4Nf
For m2Φ < 0, it is given by
φ0 =
√
−2m2Φ
λ1 + λ2/Nf
. (2.6)
The scalar field Φ is parameterized around the VEV as follows:
Φ(x) =
φ+ h+ iη√
2Nf
1 +
N2f−1∑
α=1
(ξα + ipiα)Tα, (2.7)
where Tα (α = 1, · · · , N2f − 1) are the generator of SU(Nf ) satisfying the normaliza-
tion, Tr(TαT β) = δαβ/2. The fields h, η, ξα, piα, ψa acquire masses at the tree-level
as summarized in Table I, where, for notational simplicity, we use the following
abbreviations:
ah =
3
2
(λ1 + λ2/Nf ), (2.8)
aξ =
1
2
(λ1 + 3λ2/Nf ), (2.9)
aη = api =
1
2
(λ1 + λ2/Nf ), (2.10)
and
bh = ah − api = (λ1 + λ2/Nf ), (2.11)
bξ = aξ − api = (λ2/Nf ). (2.12)
The effective masses and the degrees of freedom of the each fields which we use for
the effective potential are also summarized in Table I.
§3. Effective potential
In this section, we describe the ring improved one-loop finite temperature effec-
tive potential in the U(Nf )×U(Nf ) sigma model with Yukawa interaction.
11), 21), 22)
At tree-level, the potential is given by Eq.(2.5). The one-loop contribution at zero
temperature, V
(0)
1 , is given by
V
(0)
1 (φ) =
∑
i=s,f
ni
m4i (φ)
64pi2
[
ln
m2i (φ)
µ2
−
3
2
]
, (3.1)
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in MS scheme, where i runs over all of the scalar bosons: s = {h, η, ξα, piα} and the
fermions: f = {ψa}. ni and mi(φ) are the number of degrees of freedom and the
effective masses depending on φ, respectively.
The one-loop contribution at finite temperature, V
(T )
1 , is given by
V
(T )
1 (φ, T ) =
T 4
2pi2

∑
i=s
niJB [m
2
i (φ)/T
2] +
∑
i=f
niJF [m
2
i (φ)/T
2]

 , (3.2)
where JB and JF are defined by
JB(a) =
∫ ∞
0
dx x2 ln
(
1− e−
√
x2+a
)
,
JF (a) =
∫ ∞
0
dx x2 ln
(
1 + e−
√
x2+a
)
. (3.3)
In the high temperature limit where m(φ)/T . 1, JB and JF can be expanded as
follows:
JB(m
2/T 2) =−
pi4
45
+
pi2
12
m2
T 2
−
pi
6
(
m2
T 2
)3/2
−
1
32
m4
T 4
ln
m2
abT 2
+O
(
m6
T 6
)
, (3.4)
JF (m
2/T 2) =−
7pi4
360
−
pi2
24
m2
T 2
−
1
32
m4
T 4
ln
m2
afT 2
+O
(
m6
T 6
)
, (3.5)
where ab = 16pi
2 exp(3/2 − 2γE)(ln ab ≈ 5.4076), af = pi
2 exp(3/2 − 2γE)(ln af ≈
2.6351).
One can include the contribution of ring diagrams, Vring(φ, T ), by replacing
m2i (φ) in V
(0)
1 and V
(T )
1 with the T -dependent effective massesM
2
i (φ, T ) ≡ m
2
i (φ)+
Πi, where Πi is the self-energy of a field i in the IR limit where the Matsubara
frequency and the momentum of the external line goes to zero and in the leading
order of mi(φ)/T .
For all of scalar bosons of the sigma model, the self-energies are given by
Πs = Π
(s) +Π(f),
Π(s) =
1
12
[(N2f + 1)λ1 + 2Nfλ2]T
2,
Π(f) =
1
12
y2T 2, (3.6)
which are corresponding to the contributions from the scalar bosons themselves and
the fermions, respectively. Since fermions do not receive the correction from the ring
diagrams, Πψ = 0. The T -dependent effective masses for scalar bosons and fermions
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are given by
M2s,i(φ, T ) = m
2
Φ + aiφ
2 +
[
(N2f + 1)λ1 + 2Nfλ2 + y
2
] T 2
12
≡ m2Φ + aiφ
2 + b
T 2
12
,
M2f (φ, T ) = m
2
ψ(φ). (3.7)
After all, the one-loop ring-improved effective potential is summarized as follows:
V (φ) =V0(φ) + V
(0)
1 (φ) + V
(T )
1 (φ, T ) + Vring(φ, T )
=V0(φ) +
∑
i=s,f
ni
M4i (φ, T )
64pi2
[
ln
M2i (φ, T )
µ2
−
3
2
]
+
T 4
2pi2

∑
i=s
niJB [M
2
i (φ, T )/T
2] +
∑
i=f
niJF [M
2
i (φ, T )/T
2]

 . (3.8)
A comment on the validity of the ring-improved perturbation theory is in order.
By inspecting the higher order diagrams for the scalar field self-energies, one can see
that the non-ring diagrams are suppressed with respect to the ring diagrams at least
by the following factors in the symmetric phase,23)
βλ1+λ2/Nf ≡
1
4pi
(
λ1 +
λ2
Nf
)
T
meff
, (3.9)
βλ2/Nf ≡
1
4pi
N2f
λ2
Nf
T
meff
, (3.10)
where meff = m
2
Φ + bT
2/12. It is sufficient to consider these conditions only in the
symmetric phase for our analysis, since φ = 0 at the tricritical line. Therefore, in
order to guarantee the validity of the ring-improved perturbation theory at the tricrit-
ical line, it is required that βλ1+λ2/Nf , βλ2/Nf ≪ 1, while the perturbative expansion
at zero temperature is valid for N2f (λ1 + λ2/Nf )/(4pi)
2 ≪ 1 and Nfλ2/(4pi)
2 ≪ 1.
§4. Analysis of the tricritical line
At the critical temperature of the first-order phase transition, the effective po-
tential satisfies the following conditions,
∂V
∂φ
(φc, Tc) = 0, V (φc, Tc) = V (0, Tc). (4.1)
A tricritical line is where φc/Tc is equal to zero for a finite value of Tc. To locate
a tricritical line, we take the following approach. In the parameter region near
a tricritical line, φc/Tc takes very small but nonzero value. In this region, we may
solve Eq.(4.1) by expanding the effective potential up to the sixth order of the φc/Tc.
Then we identify a tricritical line, by taking the limit as φc/Tc goes to zero.
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We follow this procedure by means of the ring improved one-loop finite temper-
ature effective potential which is expanded to O(M3/T 3) in high temperature limit.
This potential is written as follows:
V3(φ, T ) ≡ T
4
[
1
2
(
m2eff
T 2
)
φ2
T 2
+
1
8
(
λ1 +
λ2
Nf
)
φ4
T 4
−
1
12pi
∑
i=s
ni
M3i (φ, T )
T 3
]
.
(4.2)
The high temperature expansion is valid if Mi/T . 1. We evaluate later this
condition at the tricritical line. Besides the high temperature expansion, we expand
M3i /T
3 terms up to O(φ6/T 6),
M3i (φ, T )
T 3
=
m3eff
T 3
[
1 +
3
2
aiT
2
m2eff
φ2
T 2
+
3
8
(
aiT
2
m2eff
)2
φ4
T 4
−
1
16
(
aiT
2
m2eff
)3
φ6
T 6
+O
(
φ8
T 8
)]
. (4.3)
This expansion is valid if φ/T ∼ 0, m2eff = m
2
Φ + bT
2/12 > 0 and aiT
2/m2eff . 1.
We also evaluate later this condition at the tricritical line. Using this expansion,
Eq.(4.2) is written as follows:
V3(φ, T )/T
4 = c0 + c2
φ2
T 2
+ c4
φ4
T 4
+ c6
φ6
T 6
+O
(
φ8
T 8
)
(4.4)
c2 =
1
2
(
m2eff
T 2
−
1
4pi
∑
i=s
niai
meff
T
)
,
c4 =
1
8
(
λ1 +
λ2
Nf
−
1
4pi
∑
i=s
nia
2
i
T
meff
)
,
c6 =
1
192pi
∑
i=s
nia
3
i
T 3
m3eff
.
Then Eq.(4.1) is solved by
φ2c
T 2c
=
√
c2
c6
=
−c4
2c6
(4.5)
for c2 ≥ 0, c4 ≤ 0 and c6 > 0. The tricritical line is identified in the limit as
φc/Tc ց 0, which means that c2 ց 0, c4 ր 0.
∗) There are two temperatures which
satisfy c2 = 0, namely,
T1 =
−12m2Φ
b
, T2 =
−m2Φ
(b/12 − b2s/16pi
2)
, (4.6)
∗) This result is not changed if we include the term c8φ
8/T 8, as long as c6, c8 > 0.
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where bs ≡
∑
i=s niai. From Eq.(3
.9) and Eq.(3.10), we can see the ring-improved
perturbation is broken down for T = T1 at φ = 0, since Mi(0, T1) = 0. Therefore,
T1 is just an artifact for our analysis, and we identify T2 as the critical temperature.
This gives the following relation for the coupling constants.
∑
i=s
nia
2
i −
(
λ1 +
λ2
Nf
)∑
i=s
niai = 0. (4.7)
By means of the following relations between the coupling constants and the tree-level
mass of the each fields (see Table I):
∑
i=s
niai = (N
2
f + 1)
m2h(φ0)
φ20
+ (N2f − 1)
m2ξ(φ0)
φ20
, (4.8)
∑
i=s
nia
2
i =
(
N2f
2
+ 2
)
m4h(φ0)
φ40
+ (N2f − 1)
m2h(φ0)m
2
ξ(φ0)
φ40
+ (N2f − 1)
m4ξ(φ0)
φ40
,
(4.9)
we can solve Eq.(4.7) for the tree-level mass of the field h as follows,
mh,cep(φ0) = 2
1
4
(
N2f − 1
N2f − 2
) 1
4
mξ(φ0). (4.10)
The chiral phase transition of the sigma model is first-order when mh < mh,cep. The
relation Eq.(4.7) means that mh,cep becomes smaller for smaller mξ and approaches
a finite value for large Nf . Note that m
2
Φ is canceled out in the above calculation.
This means that this result is independent of the stationary condition of the zero
temperature symmetry breaking.∗) Also note that the contribution from the fermions
to the tricritical line of O(y2) is canceled out and the possible leading contribution
is O(y4).
The validity of the perturbation theory
Although we assumed the perturbation theory for the above argument, it is
necessary to examine its validity. We give here the argument about the validity of
the zero temperature perturbation theory, the high temperature expansion, the order
parameter expansion and the ring-improved perturbation theory at the tricritical
line.
The conditions for the validity of these approximations are summarized as fol-
lows:
∗) The truncation of the logarithmic terms does not mean we analyze the tricritical line with
the tree-level potential. This terms is just suppressed as O(M4/T 4) and we can consistently neglect
them in our analysis up to O(M3/T 3). At lower temperature, the effective potential should be
modified, for example, to solve the stationary condition at zero temperature. Our claim that the
tricritical line is not affected by mΦ is meaningful in this point.
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zero temperature perturbation theory:
bs
4pi
. 1,
1
4pi
nψy
2 . 1. (4.11)
high temperature expansion:
Mi=s,f
T
. 1. (4.12)
order parameter expansion:
ai
m2Φ/T
2 + b/12
. 1. (4.13)
ring-improved perturbation theory:
βλ1+λ2/Nf =
1
4pi
(
λ1 +
λ2
Nf
)
T
meff
≪ 1, (4.14)
βλ2/Nf =
1
4pi
N2f
λ2
Nf
T
meff
≪ 1. (4.15)
To justify our calculation of the tricritical line, all of these conditions must be satisfied
in the limit as φc/Tc goes to zero.
At first, we examine the condition for the high temperature expansion, Eq.(4.12).
Since T = T2 at the tricritical line, for scalar bosons, it follows
Ms,i
Tc
→
bs
4pi
(φc/Tc → 0). (4.16)
Therefore, if the zero temperature perturbation theory is valid: bs/4pi . 1, it follows
Mi/Tc . 1 and high temperature expansion is also valid. The high temperature
expansion for the fermions are valid in the limit as φc/Tc goes to zero, sinceMψ/Tc
is proportional to φc/Tc.
Next, we examine the condition for the order parameter expansion, Eq.(4.13).
At the tricritical line, this factor is evaluated as
ai
m2Φ/T
2 + b/12
→ ai
16pi2
b2s
(φc/Tc → 0) (4.17)
Therefore, in order to satisfy the condition Eq.(4.13), it must be Nf ≫ 1 and ai ≪ 1
and bs/4pi . 1.
At last, we examine the conditions for the ring-improved perturbation. In the
limit as φc/Tc goes to zero,
Tc
Mi
→
4pi
bs
∼
1
N2f
4pi
(λ1 + λ2/Nf ) + λ2/Nf
(Nf ≫ 1). (4.18)
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Then
βλ1+λ2/Nf ∼
1
N2f
λ1 + λ2/Nf
(λ1 + λ2/Nf ) + λ2/Nf
(Nf ≫ 1), (4.19)
βλ2/Nf ∼
λ2/Nf
(λ1 + λ2/Nf ) + λ2/Nf
(Nf ≫ 1). (4.20)
Therefore it follows that the ring-improved perturbation theory is valid ifNf ≫ 1 and
(λ1 + λ2/Nf ) ≫ λ2/Nf . Concerning this evaluation, we note that at the tricritical
line, the rhs of Eq.(4.20) is evaluated as βλ2/Nf ∼ 0.4. Since this value is not≪ O(1),
but . O(1), we need a more precise argument to confirm our result.∗)
These result is summarized as follows. Our analysis is valid if ai ≪ 1 and Nf ≫ 1
and (λ1 + λ2/Nf ) ≫ λ2/Nf . This parameter region seems to be small, but there is
a region where our evaluations is reliable. The parameter region that Nf ≫ 1 and
ai ≪ 1 and bs/4pi . 1 is just the parameter region where we can analyze with the
large Nf expansion.
§5. Summary and Discussion
We have studied the tricritical line of the U(Nf )×U(Nf ) sigma model with
Yukawa interaction in an analytic approach by means of the ring improved one-loop
finite temperature effective potential. To evaluate the tricritical line analytically,
we have expanded the effective potential up to O(M3/T 3) in the high temperature
expansion, and up to O(φ6/T 6) in the order parameter expansion. In this approxi-
mation, we have shown that the tricritical line can be examined to the lowest order
of the coupling constants and it follows a analytic relation between the tree-level
masses of the scalar bosons. This analysis is valid in the parameter region where
ai ≪ 1 and Nf ≫ 1 and (λ1 + λ2/Nf )≫ λ2/Nf .
We can examine the contribution of gauge bosons by means of our technique.
However, in this case, since the parameter to evaluate the validity of the ring im-
provement for the transverse modes of the gauge bosons, βgT = g
2T/M2gT , diverges
for the small value of φ/T , we cannot perform a reliable analysis near the tricriti-
cal line.∗∗) As a prescription, we could add the magnetic mass term ∼ g2T to the
transverse modes which reduce the singularity of the βgT . However, in this case, we
find that the coefficient of the order parameter expansion is proportional to 1/g2,
therefore the perturbation is not valid after all. We need another prescription to
take care of this problem.
Although we have expanded the potential up to O(M3/T 3) in the high tempera-
ture limit, we can improve this approximation by including the terms of O(M4/T 4).
∗) In our evaluation, βλ2/Nf is divided by 4pi compared to the ordinary criteria of the ring
improvement as,23) because we should take into account the loop factor in our argument. In23)
loop factor is neglected, for example, as m2eff ∼ λ
2T 2. This corresponds to our case with neglecting
factor 1/4pi in Eq.(4.16). We also consider the numerical factor which is neglected in the ordinary
argument, so our argument is not so crude.
∗∗) We find there is no tricritical line in this case because of the φ3 term from the transverse
modes of the gauge bosons.
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Since these terms contain the log(T 2/µ2) terms, we cannot solve analytically the
conditions of the first-order phase transition for the critical temperature. Therefore
we need another prescription to derive the analytic relation between the coupling
constants on the tricritical line up to the next-to-leading-order.
By means of our technique, we might study the many of phenomenological is-
sues, such as QCD chiral phase transition, electroweak phase transition or the other
problems of the cosmology. However, in order to address these issues, we need to
consider a lot of problems, such as the effect of the finite density or the infrared
singularity of the gauge bosons as mentioned above etc. It is also interesting to
compare our analysis to the results of the numerical simulations, and to examine the
non-perturbative feature of the tricritical line.
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